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First lecture:

Mabhler's measure and Weil's height
Lehmer's Problem

Abelian Lower Bound

Relative Lower Bound

Absolute Abelian Lower Bound

Sketch of the proof of the Abelian Lower Bound
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Mahler's measure

We start by recalling some basic facts on Mahler's measure and
on Weil's height. See Bombieri-Gubler, op. cit. for references.

Given a non-zero polynomial

D
f(x) =fp [[(x — aj) € C[x]

Jj=1

its Mahler's measure is
D 1 .
M(f) = |fp| Hmax{|aj|, 1} = exp/ log |f (e27”t) |dt .
j=1 0

The last equality follows from Jensen’s formula.
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Weil's height

Let « be an algebraic number of degree D = [Q(«) : Q] with
minimal polynomial over Z

D
F(x) = fo [ [(x — o)) € Z[x]

j=1

(a1 = ). The (absolute, logarithmic) Weil height of « is

D

. 1 1

h(a) = 5 log M(f) = 5( log | fp| + > _log™ |ay]) ,
j=1

where log™ x = max(0, log x) for x > 0 (and log™ 0 = 0). Thus

~

h(a) = log H(«), whith H(«) as in Widmer's lectures.
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Some examples

o h(p/q) =logmax(|p|,q) (p. 4 € Z, ¢ >0, (p,q) = 1)
o h(v2) = 5(log™ |v/2| + log" | - V2|) = } log2

e More generally, h(21/P) = (log2)/D

@ a root of unity ¢ has height h(() =0

@ The polynomial x> — x — 1 has one positive real root
0 =1.324...

and the other two roots of absolute value < 1, i.e. 6 is a
Pisot’s number. Thus h(0) = %Iog 6. More precisely, 6 is the
smallest Pisot's number.

o Let p= i‘ﬁi"‘[ one of the roots of 2x* — 3x? 4- 2. Since
lp| =1, we have h(p) = 62 = 0.173...
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Absolute values

Let K be a field. An absolute value of K is a (non trivial) map
|- |: K — R such that

o [x]|>0and x| =0iff x=0
o |xy| = [x]lyl
o [x+yl<|x+yl
If the strong inequality |x 4+ y| < max{|x|, |y|} holds we say that
- | is non-archimedean.
An absolute value defines a topology on K.
Two absolute values are equivalent, if they define the same
topology.

A place is an equivalence class of absolute values. We denote by
Mk the set of places of K.
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Absolute values

Let now K be a number field.

An embedding o: K «— Q defines an archimedean absolute
value: |a|, = |oalc.

An integral prime ideal P defines a non-archimedean absolute
value: |a|p = (NK/QP)_A, where the factorization of the fractional
ideal (o) is

These are (up equivalence) all the absolute values of K. Thus
any v € Mk is the equivalence class (with respect to the induced
topology) of:

@ an embedding o (archimedean place: we write v | 00)

@ a prime P (non-archimedean place: we write v t o0)

We identify v with o and with P, respectively.
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Absolute values

We let K, be the completion of K at v. Thus, if v | 0o, v =0,
then [K, : Q,] =1 if o(K) C R and [K, : Q,] = 2 otherwise. For
vtoo, v =P, the degree [K, : Q,] is the product of the
ramification index and the inertia degree of P.

For v € M, we choose a normalized absolute value in the class
v as:

e |a|, = |oal, if v is archimedean, v = 0: K — Q.

° \oa\eKv:QV] = (Ni/gP) ™, if v is non-archimedean, v = P, and
where the factorization of the fractional ideal («) is

(@):pk...

This normalization agrees with the Product Formula (a € K*)

H ]angszV] —1.

vEMEg
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An equivalent definition of Weil's height

h(a) = > IK, Q] log |aly.

vEMEK

[K Q]

Let o, 3 € Q. Then

o h(a+ B) < h(a) + h(B) + log 2.

o h(ap) < h(a) + h(B).

Moreover, if 3 is a root of 1, h(af) = h(«).

For n € Z, h(a") = |n|h(c).

h(a) = 0 if and only if & = 0 or « is a root of 1.

h(a) = h(B) if o and 3 are algebraic conjugates.
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Lehmer's problem

Let f € Z[x], f # 0. Then M(f) > 1. Lehmer (1933) :

The following problem arises immediately. If € is a positive
quantity, to find a polynomial of the form

f(x) =x"+ax"1+- +a

where the a’s are integers, such that the absolute values of the
product of those roots of f which lie outside the unit circle, lies
between 1 and 1 + €. (...) Whether or not the problem has a
solution for ¢ < 0.176 we do not know.

Lehmer considers the polynomial
F(x)=x0 4+ x% —x"—x0 - x5 —x* - x3 4 x+1

which has one root 7 > 1. All other roots # 7,7~ ! lie on the unit
circle, i.e. 7 is a Salem’s number. Thus M(f) =7 = 1.176....
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Lehmer's problem

Let f € Z[x] be a nonconstant irreducible polynomial. Assume
f # +x and that =f is not a cyclotomic polynomial. By a theorem
of Kronecker, M(f) > 1. Lehmer asks whether there exists an
absolute constant C > 1 such that M(f) > C. Record : despite
intensive computer search ... still Lehmer’s polynomial!

We can rephrase Lehmer's problem using Weil's height instead
of Mahler's measure. Let p be the set of roots of unity. Then an
optimistic answer to Lehmer's problem is:

Conjecture (Lehmer)

Let a € @*\u of degree D. Then there exists an absolute constant
¢ > 0 such that

h(a) >

Ol o
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Dobrowolski's theorem

This should be the best possible lower bound for the height
(without any further assumption on «), since

h(2'/P) = (log2)/D .

The best known result in the direction of Lehmer's conjecture is
Dobrowolski's lower bound (1979)

-3
?7(0() > < log D
D \ loglog D

which holds for any a € @*\u of degree D > 2. Here c is an
absolute constant. In the original statement ¢ = 1/1200; later
Voutier shows that one can take ¢ = 1/4.
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Special Numbers

More generally, we can look for lower bounds for the height of
numbers in special sets. Let S be a set of algebraic numbers. We
consider, for D € N,

inf{h(a),a € S\p, a #0, [Q() : Q] < D} .

Smyth (1971) proved that if « € Q" is not a reciprocal number
(i.e.if =1 is not an algebraic conjugate of a), of degree D then

log 6
D )

h(a) >

where 0 is the smallest Pisot's number, which we have defined
before (it is the only real root of the equation x> — x — 1 = 0).
This bound is optimal, since h() = % log# (remark that Pisot's

-3
number are not-reciprocal).
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Special Numbers

Also, Mignotte (1979) gave a positive answer to Lehmer’s
problem for any « of degree D such that there exists a prime
p < Dlog D which splits completely in Q(«).

More recently, Lehmer’s problem was solved by Borwein, Dobro-
wolski and Mossinghoff (2004) for algebraic integers whose
minimal polynomial has coefficients all congruent to 1 modulo a
fixed m > 2.

Hence, Lehmer’s problem is solved for:

@ the set of non reciprocal numbers,

@ the set of algebraic « such that there exists a “small” prime
which splits completely in Q(a),

@ the set of algebraic integers whose minimal polynomial has
coefficients all congruent to 1 modulo a fixed m > 2.
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Special Numbers

For other sets S we know even more than Lehmer. For instance,
if Q(«) is a totally real field and a # +1, then, by a special case
of a result of Schinzel's (1973),

A 1
h(a) > 5 log ¢ = 0.240...

where ¢ is the golden ratio HT\/E Again, this result is optimal,
since h(yp) = 1 log ¢. More generally, let K be a CM field (a
quadratic totally imaginary extension of a totally real field). Then,
Schinzel's result extends to o € K* such that || # 1 (in a CM
field ||, = 1 for an archimedean place if and only if ||, = 1 for
any archimedean place). The condition |«| # 1 can be very
restrictive in some applications, but, at least for arbitrary CM field,
it is necessary as the following example shows.
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Special Numbers

Let p = M one of the roots of 2x* — 3x? + 2. As we
have already remarked, |p| = 1, thus h(p) = '°§2. Let D € N.
Since all the algebraic conjugates of p1/P have absolute value 1,
the field Q(p/P) is a CM field and we have h(p'/P) = %82,

Nevertheless, if L. is not only a CM field but an abelian extension
of the rational field, the condition |a| # 1 can be relaxed assuming

only a & o .

Theorem (Abelian Lower Bound, A.-Dvornicich, 2000)

Let L/Q be an abelian extension. Then for any a € L*\u we have

log 5
12

h(a) > =0.134.....
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Height in cyclotomic extension

We remark that, by the Kronecker-Weber theorem, it is enough
to prove this lower bound in an cyclotomic field. Is the bound
h(a) > '°1g25 = 0.134... sharp, for a € p a non zero algebraic

log 5
15~ cannot be

number in a cyclotomic field? We shall show that

replaced by any number > '°1g27 =0.162....

Let m e N, (, = exp(2mi/m) and let K,, = Q(¢m) be the m-th
cyclotomic field of degree ¢(m).

We fix m = 21 and we recall that K = Kj; (of degree 12 over
Q) is one of the twenty-nine cyclotomic fields of class number one.
Let us consider how the prime number 7 splits in the ring of
integers of K.

Since 7 splits completely in the quadratic imaginary field Q((3)
and ramifies in Q({7), we have

Francesco AMOROsSO - LMNO Points of small height.



Height in cyclotomic extension

(7)= PP
where P is a prime of norm Ng,q(P) = 7. Since K has class

number one, P = () for an integer v € K. Let A =7/~. Since K
is a CM field, |A|, =1 for v | co. We have

(\)=PPL.
Thus, if v{ oo,
NK/QP:Z if v=P;
AECT = & (N oP) T =771, i v =P
1, otherwise.

We deduce that

/\

Z K, : Q.]log™ |Aly = 'Oﬂ .

VEMK
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Height in cyclotomic extension

As a liminal remark, the minimal polynomial of A over Z is
f(x) = 7x'2 — 13x® 4+- 7. Thus, we can check the computation
above of h()\) by observing that all the roots of f lie on the unit
circle. Whence M(f) = 7 and again h(\) = '°1g27.

Let a € K}, \ i, not a root of unity. It seems quite likely that the
bound h(a) > '°g7 should be the correct bound. For instance,
Ishak, Mossmghoff Pinner and Wiles (2010) show that
h(a) < |°g7 implies 35 | m

They aIso refine the Abelian Lower Bound, replacing
965 = 0.134... by 0.155... (still less than €7 = 0.162...).
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Exponent of the class group of cyclotomic extensions

We can generalize the construction above of A € Kp; of height
|°1g27 to an arbitrary cyclotomic extension K,,. Let p(m) be the
smallest prime satisfying p = 1 mod m. By a celebrated theorem of
Linnik, p(m) < mt, where L > 0 is an effective constant.lt is well
known that p(m) splits completely in K,,. Choose a prime
P C Ok, over p(m). Let ey, be the exponent of the class group of
K, i.e.the least positive integer e such that g€ = 1 for g in the

class group. Then Pé" = () and a = 7/ has height

_ emlogp(m) _ enllogm

h(e) = <
W= "0m = am)
By A.-Dvornicich lower bound h(«) > |°1g25, we find
logh  ¢(m) m
€m = X .
12L  logm log mloglog m
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Masley-Montgomery revised

Using this principle, we see that a bound of the shape

log p(m) = o(¢(m))

implies that there is only finite cyclotomic fields of class number

Question

|.
=
®

There exists an ‘“elementary” proof of this result?

We don’t know. But, using an explicit version of the Prime
Number Theorem in arithmetic progression (McCurley, 1984), we
can recover Masley-Montgomery theorem. In 1976 Masley and
Montgomery proved that K, has class number one if and only if m
is one of the following twenty-nine numbers:
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Masley-Montgomery revised

3,4,5,7,8,9,11,12, 13,15, 16, 17, 19, 20,
21,24, 25,27, 28, 32,33, 35, 36, 40, 44, 45, 48, 60, 84.

Assume that K, has class number 1. We have (McCurley, 1984)
log p(m) < 15.08log>m for m > 10*.

Moreover, by a result of Rosser-Schoenfeld (1961),
m/¢(m) < €7 loglog m+5/(2loglog m) .

for m# 2 x 3 x --- x 23. We deduce that m > 8- 10*. A direct
computation of p(m) for m < 8- 10* and refined lower bounds for
the height in cyclotomic fields show that m belongs to the previous
list of twenty-nine numbers.
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Exponent of the class group of CM fields

Let K be a CM field of degree Dx = [K : Q] and exponent of
the class group ex. Louboutin and Okazaki (2003) ask if ex — oo
as |disc(K)| — +o00. Using a generalization of the previous
construction and (more involved) lower bounds for the height we
prove:

Theorem (A.-Dvornicich, 2003)

Assume GRH. Then for any € > 0 the exponent ex of the class
group of K satisfies:

I isc(K
N

Dk log log |disc(K)|" ¥

The quantity on the R.H.S is > (log |disc(K)|)(2=%)/2. Thus the
theorem gives a (conditional) positive answer to Louboutin-Oka-
zaki's question.
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Relative Lower Bound

We can “mix” the Abelian Lower Bound with Dobrowolski's
result.

Theorem (Relative Lower Bound, A.-Zannier, 2000)

Let K be any number field and let IL/K be an abelian extension.
Then for any o € Q" \p, we have

R C(K)< log D >-13’

h(a) >

D log log 3D

where c(K) is a positive constant depending only on K and where
D = [L(«) : LJ.

Taking IL. = Q, we recover Dobrowolski's theorem, with a worst
exponent on the remainder term. Taking K=Q and a € L we
recover the Abelian Lower Bound, up to a constant.
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Absolute Abelian Lower Bound

More recently, the first author and E. Delsinne refine the error
term in this inequality and compute a lower bound for ¢(K). As
the proof of the original paper suggested, this lower bound depends
on the degree and on the discriminant of K.

Let again L be an abelian extension of a number field K. As a
very special case of the result of the Relative Lower Bound, the
height in L*\ v is bounded from below by a positive function
depending only on K. The following question arises. Is it true that
we can choose a function depending only on the degree [K : Q]?
The answer is yes.

Theorem (Absolute Abelian Lower Bound, A.-Zannier, 2010)

Let K be a number field of degree d over Q and let L/K be an
abelian extension. Then, for a € L*\p,

h(a) > 39~2d-5,
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Remarks on the Absolute Abelian Lower Bound

Let f(d), g(d) be two real functions. In order to simplify the
discussion below, we write f(d) << g(d) if f(d) < g(d)(log 3d)*
for some ¢ > 0. We use the symbol >> similarly.

e The Absolute Abelian Lower Bound has some amusing
consequences. For instance, let L/Q be a dihedral extension of
degree, say, 2n. Then L is an abelian extension of its quadratic
subfield K fixed by the normal cyclic subgroup of order n. Thus for
any a € L*\ pu we have

h(a) > 3713,
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Remarks on the Absolute Abelian Lower Bound

e In the special case of cyclotomic extensions of a number field K
of degree d, we can deduce the a stronger Absolute Abelian Lower
Bound from the Relative Lower Bound.

Remark
Let ¢ be a root of unity and let o € K({)*\p. Then

~

h(a) > 1/d .

Proof. By Galois’ Theory, K(({) is an extension of Q(() of degree
bounded by d. Since Q(() is an abelian extension of Q, by the
Relative Lower Bound we have:

~

h(a) > 1/d .

Francesco AMOROSO - LMNO Points of small height.



A (false) Conjecture

e A natural generalization of both Lehmer’s conjecture and of the
Abelian Lower Bound could be the following. Let K be a number
field of degree d over Q and let L/K be an abelian extension.
Then, for a € L*\p,

~ c
h —
(0)>

for some absolute constant ¢ > 0. Unfortunately, this statement is
false. Let x be a sufficiently large positive real number. Let m be
the product of all primes up to x and let d = ¢(m). By elementary
analytic number theory m > cidloglogd. Let K = Q((m) (of
degree d over Q) and let a = 21/™. Define . = K(a). Then L/K
is cyclic, « € L*\ v and

N log 2 log 2
ha) = 282 <

m ~— cdloglogd

Thus we cannot have h(a) > ¢/d for any absolute constant ¢ > 0.
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Abelian Kummer's extensions

e The previous example cannot be substantially improved by
“taking roots” in a fixed field K.

RENEILS

Let K be a number field of degree d. Let o € @*\u such that
a € K for some positive integer n. Then, if K(«)/K is abelian,

h(a)>>1/d .

Proof. Let m € N. We denote by u,, the group of m-th roots of
unity.
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Abelian Kummer's extensions

Let r be the number of n-roots of unity contained in K. Thus
p, NK* = p,. Since K(a)/K is abelian, the extension K(«, (,)/K
is also abelian. By a theorem of Schinzel, there exists v € K such
that

nr _ _n
=v".

Let 0 = [K: Q(¢r)] = d/o(r). Since Q(¢,)/Q is abelian, by the
Relative Lower Bound we have:

h(y) > 1/5.

By elementary analytic number theory, r << ¢(r). Thus

h(a) = ﬁ>> >1/d .
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Abelian Kummer's extensions

The remarks above suggest the following conjecture:

Let K be a number field of degree d. Let o € @*\u such that
K(a)/K is an abelian extension. Then

h(a) >>1/d .
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Caught Algebraic Beetles

@ 0 =1.324..., the positive root of x3 — x — 1. It is the smallest

Pisot's number. h(0) = 3 log 6.

o p= iqi"ﬁ one of the roots of 2x* — 3x? + 2. Then Q(p)

is a CM field. For all a € @*\u of degree 2 or 4 such that

- 7 A log 2
Q(c) is CM, we have h(a) > h(p) = 2= = 0.173....

o 7 = 1.176... the positive root of Lehmer's polynomial
x10 4 x% — x7 — x0 — x5 — x* — x3 4+ x4+ 1. Conjecturally, the
smallest Salem number. Conjecturally, M(f) > 7 for all
integral irreducible polynomials £ # +1, +x.

@ ¢, the golden ratio % For all « of absolute value # 1 such
that Q(c) is a CM field, we have h(a) > h(p) = 0.240....
@ )\, one of the roots of 7x12 — 13x% 4-7. Then Q()\) = K((21).

Conjecturally, for all non-zero a € p such that Q(«)/Q is

abelian, we have h(a) > h(\) = %67 = 0.162....
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The Main Principle

Let o be a non-zero integer, o # +1. We look for a lower bound
for h(a). Of course, h(ar) = log || > log2 = 0.693.... Forget this
inequality and let p be a prime number. Then, by Fermat’s Little
Theorem (FT in the sequel)

oP =amodp .

Moreover v = aP — a # 0, since o # +1. Applying the Product
Formula to v we get

_ 2
1=p|- [ he<p e —af < E|a|” .
¢ prime
Thus | )
ha) > 108(P/2)
p

Choosing p = 5 we obtain /A1(a) > 0.183.... This principle underlies
the proofs of all the previous lower bounds for the height.
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Denominators

We shall deduce some metric properties from generalizations of
the Main Principle. To do that, we need “good local
denominators”. We make use of the following lemma:

Lemma (Strong Approximation)
Let E be a number field and let * be a finite set of non-

archimedean place of E. Then, for any a1, ...,«a, € E there exists

B € Og such that Ba; is an algebraic integer for j = 1,...,n and
|B|v = max{l, |a1|va 900y |0‘n|v}_1

forvey.

Proof. It is an easy corollary of the Strong Approximation
Theorem, Cassels-Frolich op. cit., chapter Il, 15, p.67. ]
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Sketch of the proof of the Abelian Lower Bound

We shall sketch a proof of a somewhat weaker result.

Theorem

Let m € N, m # 2 mod 4. Consider the m-th cyclotomic field
Km = Q(¢m). Then for any a € K\ we have

. log (2.
h(a) > %05) ~0.039... .

Proof. Since Weil's height is invariant by multiplication by roots
of unities, we may assume that

V¢ep, Vn<m, Caé¢K,. (1)

Let p > 3 be a prime number. We show that 2ph(a) > log(p/2).
Choosing p = 5 we obtain the announced result.
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Non-ramified primes

Assume first that p{ m. Let o0 € Gal(K,,/Q) be the Frobenius
automorphism, o(,, = (h. For any integer v € K,,, we have
v = f(¢m) for some f € Z[x]. Hence

vP = f(¢h) = f(o¢m) = oy (mod p).
Let fix a v € Mk, dividing p. Thus |[y? — o], < 1/p for any
integer v € K.

By the Strong Approximation Lemma, there exists an algebraic
integer 5 = B, € K, such that af is integer and
|8], = max{1, |a|,}~ . Thus

o — oal, = 81, PI(@B)? - o(aB) + (o8 — BP)oal,
< 181, 7 max (|(@B)? — o(aB)|v,18” — oBlJoal)

< p~tmax(1,]al,)P max(1, |oal,).
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Non-ramified primes

Combining this upper bound with trivial estimates for v { p we

get
laP — oal, < c(v)max(1,|al,)? max(1, |oal,)
where
p~t ifvip
c(v)=1<1 if v{pandvtoo
2 if v|oo.

Moreover aP # oa, since « is not a root of unity. Indeed, let
a # b be natural numbers such that o is a conjugate of a®. Then
ah(a) = bh(«) which implies h(a) = 0.

Applying the Product Formula to a® — oca we get

0 < ph(a) + h(ca) — log p + log 2 < 2ph(a) — log(p/2) .
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Assume now that p|m. Let o be a generator of Gal(K,/Kp,/p)-
Thus, for any integer v = f({m) € Z[(m]

VP = f(¢h) = f(o¢h) = 07” (mod p)

i.e. |y —ovP|, < 1/p for any v € Mk dividing p. Using the
Strong Approximation Lemma as in the first part of the proof, we
get

laP — oaP|, < c(v)max(1,|al,)P max(1, |oal,)P
Suppose that oaf = aP. Since o fix K, , we have o, = n(m for
a primitive p-root of unity 7. Then oca = n"«a for some integer v.
It follows that o(a/C,) = a/(, hence a/Ch € Ky p © K,
which contradicts the minimality of n (cf. (1)). Applying the
Product Formula to o — gaP # 0, we obtain again

0 < ph() + ph(ca) — log p + log 2 = 2ph(c) — log(p/2).
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Second lecture:

@ Sketch of the proof of Dobrowolski's Theorem
@ Sketch of the proof of the Relative Lower Bound (first part)
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Sketch of the proof of Dobrowolski's Theorem

We reformulate the main result of Dobrowolski in an equivalent
form, replacing (log D/ loglog D)~3 by the decreasing function
f(D) = (log(16D)/ loglog(16D)) >

Theorem

For any o € @*\u of degree D we have

A C log 16D -3
h(a) > = | ————=
() 2 D (Iog log 16D>

for some absolute constant ¢ > 0.

Proof. We can assume that « is an algebraic integer, since
otherwise h(«) > (log2)/D.
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Rausch's reduction.

Moreover, it is enough to prove this theorem under the additional
assumption [Q(a") : Q] = D for all natural n, as we now show.

We follow an argument of Rausch (1985). Assume that for some
n>1 we have [Q(a"): Q] < D. Then r = [Q(«) : Q(a™)] > 1.
Let /3 be the norm of & from Q(«a) to Q(a"). Then 8 = (a" for
some root of unity ¢ and h(8) = h(a') = rh(a ). Since

= [Q(B) : Q] < D, by induction we have D’h(3) > cf(D).
Since f(D) = (log(16D)/ Ioglog(16D))_3 is a decreasing function,
we deduce that

Dh(a) = [Q(a™) : Q]A(B) > D'h(B) > cf (D) > cf (D).
Thus, from now on we assume

VneN, [Qa"):Ql=D.
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Congruences

Let f be the minimal polynomial of o over Z and let p be a
prime number. Then, by F¢T

f(x)P = f(xP) mod pZ|[x].

Thus
f(eP)l, <p*

for any v | p. Let F € Z[x] be a non-zero polynomial of degree
< L vanishing on « with multiplicity > T for some parameters L
and T with L > DT. Then

[F(aP)ly <p~"
for any v | p. Moreover |F(aP)|, <1 for v { 0o and
F(aP)ly < [|Fllxmax(1, |af,)P*

if v | 0o, where ||F||1 denotes the sum of the absolute values of the
coefficients of F.
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Sketch of the proof of Dobrowolki’'s Theorem

Assume
F(aP) # 0.

Then, by the Product Formula,
0 < —Tlogp+log ||Flls + pLh(c) . (2)

This gives

A Tl — log ||F
ha) > 1 1ogP —log IFll2
pL
We choose L = D, T =1 and F = f. The non vanishing condition
F(aP) # 0 is satisfied. Indeed, if « is not a root of unity, then o
is not a conjugate of «, as we have already remarked. Thus we get

5 log p — log ||f]|1
h(a) > .
(o) = )
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Siegel’'s Lemma

Unfortunately, log||f||1 can be as large as a power of D, even if
the height of « is very small. Thus, to get a positive lower bound,
we must choose p exponential in D¢ and the argument ends with a
poor lower bound of the shape h() > exp(—D°¢).

The use of Siegel's Lemma, a classical tool in diophantine
approximation, enormously improves the quality of this bound.
Using this lemma we find a non-zero polynomial F € Z|[x] of degree
< L vanishing on a with multiplicity > T as required and such that

DT N
< — .
g |Flloo < 77— (Tlog(L+ 1) + Lh().  (3)

Here ||F||o denotes the maximum of the absolute values of the
coefficients of F.
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Conventions

The proof now follows the scheme of a classical transcendence
proof:

@ Auxiliary Function
@ Extrapolation

@ Zero's Lemma.

During the proof we assume that the height of « is pathologically
small and at the end we get a contradiction. We use in a non
standard way the symbols ~, < and >>. We write A~ B if and
only if B < A < B with ¢1, ¢ > 0. The constants c1,¢; are
eventually assumed to be sufficiently large (or small) in such a way
that the forthcoming assumptions are verified. Similarly, A < B
(or B> A) if and only if A < cB where ¢ > 0 has the same
meaning as before.
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Auxiliary Function

Since ||F|j1 < (L + 1)||F||, the bound (15) of Siegel's Lemma
gives

log ||F|l; < log(L+1) (T log(L+ 1) + Lh(c)) .

, DT
L+1-DT
This inequality cannot give anything better than
log || Fll1 < log(L+1).
Therefore, it is reasonable to choose L and T in such a way that

DT?

—_ =1
L+1—-DT ’

say L = DT2, and to assume Lh(a) < T log(L + 1). This implies
log(L + 1) ~ log D (at least if log T < log D). In this setting,
log || F|]1 < log D under the assumption Dh(a) < (log D)/ T.
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Extrapolation

We fix a third parameter N with log N < loglog D. We assume
p € [N/2, N]. We want to show that F(aP) = 0. Assume the
contrary. Then, by the Product Formula (2),

0 < —Tloglog D + log D + NT2Dh(a) . (4)
Fix T ~ log D/ loglog D and assume NT2Dh(a) < log D, i.e.

log D

N (log log D)?
“loglog D’

and Dh(a) < Nlog D

Note the upper bound for DiA7(a) implies the previous assumption

Dh(a) < log D/ T = loglog D. Then (4) cannot hold. This forces
F to vanishes on a” for all p € [N/2, N]. Since F € Z[x], it must

vanishes on the algebraic conjugates of aP, too.
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Zero's Lemma and conclusion

Since « is not a root of unity, aP* and a2 are not conjugates for
primes p; # p2. Then the set ¥ of the conjugates of a”
(p € [N/2, N]) satisfies (recall that Vp, [Q(a”) : Q] = D)

DN

Y = D
# Z > log
N/2<p<N

by the Prime Number Theorem. Since the number of zeros of F
cannot exceed its degree,

DN
log IV K #X < deg(F)<L.
We choose | ~L ieN=~ I(olzglog);. We get a contradiction

which shows that

Dh(a) >

log log D S log D -3
Nlog D log log D ’
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Sketch of the proof of the Relative Lower Bound

We shall give a sketch of:

Theorem (Relative Lower Bound)

Let K be a number field and let L/K be abelian. Then for
o€ Q \u, we have

. C(K) (_log(2D) \~"
h(a) > D <Iog|0g(5D)> ’

where D = [L(«) : L] and C(K) > 0.

We follow the proof of A.-Delsinne 2007. This proof simplifies
the diophantine step and improves the exponent on the remainder
term.
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We fix the algebraic closure Q@ C C. For any prime p, we fix an
algebraic closure Q,. Given a number field E and v € Mg, v { oo,
we view E C Q and E, C Q,. Let L/K be abelian and P C Ok be
prime. We denote by p the rational prime under P. We let P be
the set of primes P C Ok such that e(P|p) = f(P|p) = 1. Let
PP and Q C O, over P.

@ Since L/K is Galois, the completion Lp of L at @ and the
ramification index ep(IL) = e(Q|P) depend only on P.
@ Since P € P, we have Kp = Q,.

Thus Lp/Q, is abelian. By Kronecker-Weber, Lp C Qp((m) for
some m € N, m # 2 mod 4. We take m = mp(LL) to be minimal
with this property and we define gp(IL) as the maximal power of p
dividing m , i.e.m = qp(L) - n, p{ n. Then P ramifies in L iff p|m.
Thus gp(LL) = 1 for all but finitely many P € P. Define

q(L) = > pep(gp(L) — 1) and remark that for " C L abelian
extensions of K we have g(L') < g(L).
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e Choose of a. We choose o € @*\p which contradicts the
Relative Lower Bound and such that

D = [L(«) : L] is minimal, (5)

i.e.any 8 € @*\u of degree D' < D over an abelian extension of
K satisfy the Relative Lower Bound. Then, since the function
t — tlog(2t)"/ loglog(5t)" increases,

V¢ € p, VL'/Kabelian, [L'(¢a):L']>D.
e Choose of L. We choose L such that
q(L) = min{q(LL") such that
L'/K abelian and 3¢ € p, [L'(¢a) : L) = D} . (6)

Since L — g(LL) increases on the abelian extensions L/ K, we can
replace L by L. N K(«) and assume

KCLCK(a) (ie Ka)=L(a)). (7)
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Setting (again)

For the same reason, we can also assume [L : K] minimal. This
implies
Ve € p, K(Ca) € K(a) = K(¢a) = K() . (8)

Indeed, if K(Ca) € K(a), then Lo = LNK({«) is abelian over K,
[K(Ca) : Lo] = D and [Lo : K] < [L : K].

From now on we fix an algebraic number a which does not
satisfy the Relative Lower Bound and an abelian extension L/K
which satisfies conditions (5), (6), (7) and (8). We put
G = Gal(L/K) and ep = ep(L) for P € P.

We identify G with the set of morphisms IL —>@ C C which let
K be fixed. Given a subset S C G we denote by S the set of
7: L(a) = Q such that 7y, is in S. Thus |S| = D|S].

We denote by E a number filed containing the normal closure of
L(a)/K. We work with valuation v € Mg.
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Rausch’s reduction

Rausch’s reduction shows that

VneN, L(a")=L(a). 9)
Moreover, for any prime p

[K(a) : K(aP)]=1orp. (10)
Indeed, assume r = [K(«) : K(aP)] € (1, p). Arguing as usual, we
find a p-th root ¢ such that (a" € K(aP). By Bézout's identity,
there exist A\, p € Z such that A\p + pur = 1. Hence

(Fa=a* - (Ca")" € K(aP) € K(a).

This contradicts (8).
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Congruences

Let P € P and let Q C O, over P. Since L/K is abelian the
Frobenius automorphism ¢p = ¢(Q|P) depends only on P. We
have

Vye O, VQ COpoverP, ~”=¢pymodQ . (11)

We prove a second congruence, useful for large ramification index.

JHp < G of cardinality min{ep, p} such that
Vv €O, Vo€ Hp, P =0y’ modPOL. (12)

Proof. We recall that:
e m= mp(L) is the smallest m € Ns.t. Lp C Qp({m);
e g =gqp(L) satisfies m=¢q-n, ptn;
e P ramifies in L iff p|m iff p|q.
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Congruences: large ramification index

If P does not ramify in L the lemma is trivial (ep = 1, take

Hp = {Id}). Assume p|q and let ¥, = Gal(Qp(Cm)/Qp(Cmyp))-
Then X, is cyclic of order p or p — 1 depending on whether P’lq
(wild ramification) or not (time ramification). By the minimality of
m, X, does not fix Lp, and hence induces by restriction a
nontrivial group

Hp = Gal(Lp/Lp N Qp(Cmyp))

By ramification theory, |Hp| = ep if p? 1 q and |H5| = p if p?|q.
Since L/K is abelian, the decomposition group Dp of a prime of
OL over P depends only on P. We have Gal(Lp/Kp) = Dp. We
define Hp as the isomorphic image of Hy in Dp < G.

By the previous arguments we have:
{|Hp| = ep divide |[Zp|=p—1, ifp’tq

. (13)
|Hp| = [Zp] = p, if p2|q .
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Congruences: large ramification index

We must prove that
Vv € O, VoeHp, ~P=o0vP modPOy, .

It is enough to verify v? = oy (mod PO) for v € O and 0 € ¥,
where O = Zp[(m] is the ring of integers of Qp({m). To prove this
last congruence, write v = f((m), where f € Zy[x]. Let 0 € Hp;
since o fixes Qp((m/p) We have o¢fy = (. Combining these facts
with F£T , we find

07P = of((m)? = of((h) = F((R) =7°  (mod PO).

We now prove that:

V7 € Hp such that 7p, #1d, TaP #a” . (14)
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Non triviality of Hp on a”

Proof. Let o0 € Hp\Id and let 7 extending o to L(«). Thus
Lo =L<?> C L. Assume 7a” = aP. Thus the minimal polynomial
of aP over L has coefficients in Lg. We have:

o L(aP) =L(a) = Lo(a) = K(«) (use (7) and (9)).

o [Lo(aP): Lo] = [L(aP) : L] = [L(a) : L] = D.

o [L(a):Lo(aP)] > 1 (use Lo C LL).

o [K(a) : K(aP)] = p (otherwise K(aP) = K(a) = L(«)

by (10), and 7 would fix K(«) = L(«) and a fortiori LL).

These facts imply (make a diagram!)
[L:Lo] =[L(e) : Lo(aP)] = p .

Therefore, by (13),
Zpl=p.
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Non triviality of Hp on a”

Let as before Q@ C O, Q|P. Since Lp((q) € Qp(¢m), the group
Y, induces by restriction a nontrivial subgroup of Gal(L(¢,)/K),
which is necessarily cyclic of order p, generated by some p. Let
L' =1L((q)<"~ 2 Lo. Then p(q = 1n¢q for some primitive p-th root
of unity 7 (recall that pt n).

We claim that there exists an integer u such that (;“a € L'(aP).
By Galois’ theory, [L(¢q, @) : L'(aP)] | p. If @ € L'(aP) the claim
is trivial. If o ¢ L'(aP) we have [L((q, @) : L'(aP)] = p and the
restriction Gal(IL((q, a)/L/(aP)) — Gal(IL({q)/L’) is a group
isomorphism. Let Gal(L((q, ) /L/(aP)) =< p >. Then,

PCq =1Gq and pa =n"w

for some u € N. Hence (,“a is left fixed by p and so belongs to
L'(aP), as claimed.
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Non triviality of Hp on a”

Thus

[L'(¢q “a) s L] < [L'(eP) : L'] < [Lo(aP) : Lo] = D.

Since L € Qp(Cmyp) and L/ C L(Cq), we also have
ap(L’) < q/p < q=gp(L)

and

q(L) < qu(L(Cq)) = qe(L), for LeP, L#P.
Therefore

[L'(¢; ) : L1 <D and q(L') < q(L) =g,

which contradicts the minimal property (6). This conclude the
proof of (14).
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Third lecture:

@ Sketch of the proof of the Relative Lower Bound (second part)

@ Sketch of the proof of the Absolute Abelian Lower Bound
(first part)
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L/K abelian

o € Q"\p such that L C K(«)

D = [L(«) : L]. We can assume: Vn, [L(a") : L] = D.
G = Gal(L/K)

ep = ep(LL) for P € P the set of P C Ok such that
e(Plp) = f(Plp) = L.

We identify G with the set of morphisms . — Q C C which let
K be fixed. Given a subset S C G we denote by S the set of
7: L(a) — Q such that 7y is in S. Thus [S| = DIS|.

We denote by [E a number filed containing the normal closure of
L(a)/K. We work with valuation v € Mg.
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Congruence

Let P € P and let Q C O, over P. Since L/K is abelian the
Frobenius automorphism ¢p = ¢(Q|P) depends only on P. We
have

Vye O, VQCOpoverP, ~”=¢pymodQ . (11)

We have a second congruence, useful for large ramification index.
dHp < G of cardinality min{ep, p} such that

Vv €O, Vo€ Hp, ~P =0y modPOL . (12)
Moreover,

V7 € Hp such that 7, #1d, 7aP #aP . (14)
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Metric Properties

Let 7: L(a) — Q. We fix a valuation v|P. Then
Q ifrL = CD;l we have
|F(raP)ly < p~ T/ max{L, |ral,}*"

for any F € Og|[x], of degree < L, vanishing on the D
conjugates of o over IL with multiplicity > T.
© If 7, € Hp, for any o € Hp we have

[T 1re? = pa?l, < ptmax{1,|ral, }P

p: L(a)=Q
PIL=7 X H max{1, |pa|, }*
p: L(a)=Q
P‘]L:U

We sketch the proof of these inequalities. We first assume that
« € Og. Thus the minimal polynomial f(x) = fo + fix +--- + xP
of a over I has coefficients in Op,.
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Proof of the First Metric Property

Let 7, = ¢,§1 and Q C Or, over P. Using F/T we get
0=f(a)P =P+ fPaP + -+ PP mod pOy .
By definition of the Frobenius Automorphism (cf (11))
rj.p = ¢p(f;) mod Q0L
forj=1,...,D—1. Thus
0= f®(aP) = 771 (raP) mod Qg
which implies |f(raP)|, < p~/¢. Since f is monic, by Gauss'

Lemma (on Or,) we have F = f7 G for some G € O,. Hence,
|F(raP)|, < p~T/¢P. This proves the First Metric Property.
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Proof of the Second Metric Property

Let now 71, € Hp and o € Hp. Using FIT twice we get

H (taP — paP) = H (ta — pa)P = fo(Ta)P

p: L(e)—Q p: L(e)—Q
I PIL=C

= o(ff) + o(fP) ()P + - - + ()PP mod pOx

By definition of Hp (cf (12)), we have o(f") = 7(f’) mod PO,
forj=1,...,D —1. Thus, using again F/T ,
H (ta? — paP) = f7(ta)P = 0 mod POg .
p: L(a)=Q

P|]L:0'

This proves the Second Metric Property.
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Proof of the Metric Properties: denominator.

If « is not an algebraic integer, we must choose a “good
denominator” at v for its minimal polynomial f. By the Strong
Approximation Lemma, 33 € O, such that f; € O, for
j=1,...,D—1 and, for o € Gal(L/K),

o(B8)|v = max{L,|o(fo)lv, - -, |o(fo-1)lv}

— I max{Llpal} .

p: L(a)=Q
PUL:U

Let
g(x) = Bf(x) = go +gx+---gox” € OL[x] .

The proof of the Metric Properties for non integer « follows
working with g instead of f.

Francesco AMOROsSO - LMNO Points of small height.



Diophantine approximation

We use the symbols ~, < and > with the same meaning as in
Dobrowolski's proof. Now the implicit constants depend on K.

We fix the parameters

4
L gD . log(D)
log log(D)3 log log(D)
We let A = {P € P such that vV /N < p < N}. By the Prime Ideal

Theorem

[{P C Ok such that VN < NP < N}| ~ gl

There are only a finite number of primes ideals P with e(P|p) > 1.
Moreover, if f(P|p) > 1, then N(]SP > p?. Thus

{P C Ok st f(Plp) >1and NP < VN}| <[K:QVN < VN.

The considerations above show that |A| =~ N/log N.
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Small ramification

We first assume VP € A, ep < E. Under this assumption, the
proof closely follows Dobrowolski's proof, with a main difference.
The classical Siegel's lemma would give a non-zero polynomial
F € OL[x] vanishing on the conjugates of « over L with a
prescribed multiplicity, but the height of its coefficients will depend
on the discriminant of L. To avoid this dependence, we use the
Absolute Siegel's Lemma, which is a corollary of a deep result of
Zhang's (see the lecture of Sinnou David).

N -7
We argue by contradiction, assuming Dh(a) < (%)

Let L, T be two parameters with L > DT. Using the Absolute
Siegel's Lemma lemma we find a non-zero polynomial F with
algebraic integer coefficients, of degree < L, vanishing on the D
conjugates of a over I with multiplicity > T and such that:
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Auxiliary Function

h(F) < b1

< m(T log(L + 1) + Lh(a)) +logL.  (15)

Here h(F) denotes the Weil height of the vector of coefficients of
F. Thatis, if F = Fo+---+ Fixt € E[x],

h(F E,: Q]I Folvy---s |FLlv} -
(F) = E Q] VEEM[ - Qu]log max{| ol |Felv}
We choose
log D 2 5 log D 4
~ | —— d L=DT*=D|——) .
(Iog log D> an <Iog log D

Thus 2775+ ~ 1. Since Lh(a) < log D we have h(F) < log D.
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Extrapolation

Let P € Aand 7: L(o) = Q such that 7, = CD,SI. We want to
show that F(7aP) = 0. Assume the contrary. Let v | P. By the
First Metric Property,

|F(raP)], < C(v) max{L,|7al,}"" .

with C(v) = p~T/¢ < p~T/E_ This inequality trivially holds with
C(v) =1 for the other ultrametric places. Let finally v | co. Then

|F(TaP)|y < (L+ 1) max{|Folv,.-.,|Fr| } max{L, ]Ta\v}pL .

By the Product Formula,

T logp A
0<log(L+1) — ———= + pLh(a) + h(F
o(L+1) — 2P+ pli(a) + H(F)
Since ;—[]IIE%J] > log D, log(L + 1)+ h(F) < log D and

pLIA1(04) < log D we get a contradiction.
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Zero's lemma and conclusion

Since « is not a root of unity, a”! and a2 are not conjugates for
primes p; # p2. Then the set ¥ of 7aP (P € A, 7: L(a) = Q
such that 7, = <D,§1) satisfies

DN logD \*
> = DA ——>D|——— .
# N> log N > <Iog|og D)

Thus #X > L. Since the number of zeros of F cannot exceed its
degree, we get a contradiction which shows that

A log D -
Dh — .
() > (Ioglog D)

This conclude the proof of the Relative Lower Bound, under the
additional assumption VP € A, ep < E.
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Large ramification

Assume now that there exists P € A such that ep > E. Remark
that p > /N > E. Thus |Hp| = E. We use the Interpolation
Determinant Method of Laurent.

We define A as the square of a Vandermonde determinant of

size L = DE:
A= H H |TaP — paP|, = H or
T€Hp peHp\{7} T€HpP
By (14), A # 0. We want to apply the product formula to A.
Let v|P. Then
61w = I Ira?=pa?ly [ Ire®—pa?|,
p: L(a)—=Q p: L(e)—=Q
PILFT|L PIL=T|L> PET
=TI II Fo? sl I Ira?— pofl,
o€Hp p: L(a —)Q p:]L(a)—>@
TFETIL  pL=c PIL=T|Ls PET
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Large ramification

oy ="11 II Ima?=pe?lv ] Ira? —paPl,

a€Hp p: L(@)T p: ()T
U#THL PIL=C PIL=T|L- p#T
< p E W max(1, |ral, PN T max{1, |pal,}?
pEHP\{T}
(use the Second Metric Property and the Ultrametric Inequality).
Thus
Al < €(v) T max{1,|ral, 2P . (+)
TeHiP

with C(v) = p~HE=1)_ For the other finite places (x) still holds
with C(v) =1 (use the Ultrametric Inequality).

Let now v | oo. By Hadamard's inequality (a determinant is
bounded in absolute value by the product of the Ly norms of its
rows), we see that (x) holds with C(v) = LL.
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Large ramification

Thus |A]y| < C(v) [ ], eq, max{1, ITa, }2P(L=1) with
C(v)=p HE-Difv|P C(v)=1if viooand v{P, and
C(v) = Llog L if v | co. The Product Formula gives:

1)

0<Llogl— logp+2p(L—1) Y h(ra).

TEHP

L(E-1)
K: Q]

Since 3"z h(ra) = Lh(a) and p(L — 1) < NL = DNE,

2DNEh(cr) > ([]IE§ Q]) logp—log L > logD .

We deduce:

. log D log log D\ *
Di(a) > 1% (°g °g>

NE log D
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Proof the Absolute Abelian Lower Bound

We give a sketch of the proof of:

Theorem (Absolute Abelian Lower Bound)

Let K be a number field of degree d over Q and let L/K be an
abelian extension. Then, for a € L*\ s,

h(a) > g =2=0

The proof of this theorem requires some new arguments: we
shall need a finer use of ramification theory and a new descent
argument to eliminate dependence on the discriminant of K.

We fix a a prime ideal P C Ok of norm g over Q. Assume first
thet P is not ramified in L. Let Q C O, over P. Since L/K is
abelian the Frobenius automorphism ¢p = ¢(Q|P) depends only
on P. As in the proof of the Relative Lower Bound, we have

Vy e O, ~9=¢pymodPOy .
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Proof the Absolute Abelian Lower Bound

Assume from now on that P ramifies in L and consider the
subgroup

Hp = {0 € Gal(L/K) such that Vy € Or, 077 =79 mod POL} .

If Kp = Qp, then L is locally contained in a cyclotomic extension
of Q by Kronecker-Weber. Using this fact, we showed in the proof
of the Relative Lower Bound that Hp is non-trivial. Here we need
a generalization of this result, dropping the assumption Kp = Qp,
which introduces a dependence on the discriminant of K. This is
done using the ramification theory.
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Higher ramification groups

Let L/K be normal with Galois group G. Let P be a prime ideal
of K and let Q be a prime ideal of IL over P of norm g over Q.
Define G_1 = G_1(Q|P) = D(Q|P) and, for k =0,1,...,

Gk = G(Q|P) = {0 € G such that ¥y € O, oy = v mod Q*1} .
Then G 2 G_1 2 Gy 2 Gy O --- and Gy = I(Q|P). Moreover, for
all k >0, G is a normal subgroup of G_;. Writing e = |Gp| =
eop? with p{ ey we have |Go/Gi| = . Let 7 be a uniformizer at
Q (ie.m € Q\Q?). Let
902 Go/Gl — (OL/Q)*
o+ o(m)/m mod Q

and, for k > 1,

Ok Gi/Gri1 — QF/QF
o o(r)/m—1modQ
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Higher ramification groups

It is well known that the maps 6, are well-defined, injective and
do not depend on the choice of the uniformizer

Assume G_q abelian. Then
@ The image of 6 is contained in (Ok/P)*.
@ For all k > 1, the image of 6y is contained in a Ok/P vector
space of dimension 1.
In particular, for k =0,1,...,
|G/ Gry1l < q (16)

For 1), see for instance, Cassels, op. cit., corollary 2, page 136.
We prove 2). If Gi/Ggy1 is trivial the result is clear. Let vy # 0
and v in Im(6x). Since dimO]L/Q Qk/(‘?’”rl =1,3X € OL/Q such
that v = Avp. A straightforward computation shows that Im(6y) is
fixed by G_;. Since Gal(Or/Q/Oxk/P) = G_1/Go, we infer that
A € Og/P. Thus Im(6y) is contained in the Ok /P-vector space
spanned by vg.
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We now assume L /K abelian and we prove that
Hp := {0 € G such that ¥y € Or, 079 =9 mod PO} # {Id} .

Proof. Since G is abelian, the higher ramification groups do not
depend on the choice of @ over P. Assume first that P is tamely
ramified in L. Thus e = eg = |Go/G1| < g, by (16). Let o0 € Go
and v € O; then

(oy—=7)7€eQICQ°
and
(07 =) =077 =79 mod pOy, .

This implies
079 =~9 mod POy, .

Thus Hp D Gg. On the other hand, Gy is non-trivial because P
ramifies in I by assumption.
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Let now assume p | e. By Hasse-Arf theorem (Serre, op. cit.,
section 7, Th. 1, p.101)

. 1<
Vi > 1, c;jyéc;j+1:>e§;|c,-|ez.
Let k > 1 such that Gg # Gyy1 = {1}. We also define h =0 if
Gi = Gy and otherwise we define h > 1 by
Gh # Gpy1 = = Gk # Gk1 = {1} .
Then

1o 1
2D lGlez and _} |G|eZ.
i=1 i=1

Thus, using (16),
k

e< > |G| = (k- h)|Gk| = (k= h)|Gi/GCis1| < kq .
i=h+1
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The group Hp and a conditional lower bound

Therefore, for any o € Gx_1 and for any v € Or,
(07 =) € Q9 C @
As before, this implies
0v9 =~9 mod POy, .
Thus {1} # Gx_1 € Hp C Gp. This proves that Hp is non trivial.

O
From now on we fix & € @\ and we assume K(a)/K be
abelian. Let as before P be a prime ideal of Ok of norm g over Q.
Assume further
K(a) = K(a9) . (17)
Then, arguing as in the proof of the Abelian Lower bound,

ey B2

. (18)
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A conditional lower bound. Case | : P not ramified.

Proof. Let (p) = PNZ and let e = e(P/p).

Assume first that P does not ramify in K(«). Let ¢p be the
Frobenius automorphism of a prime over P. As in the proof of the
Abelian Lower Bound we have

a9 = ¢(a)lv < e(v) max(L, |aly) max(1, |p(a)lv)

with c(v) =p Yeif v| P, c(v)=1if v{P, vfooand c(v) =2
if v | 0o. Since « is not a root of unity, a9 — ¢(a) # 0. Applying
the Product Formula we get

A 1
0<(g+1)h(a)+log2— glogq

ie.

A 1/d 1/d
Mo > (4'/7/2) _ log (a"/2)
qg+1 2q

Francesco AMOROsSO - LMNO Points of small height.



A conditional lower bound. Case Il : P ramified.

Assume now that P is ramified in K(«) and let o be a non
trivial automorphism in the subgroup Hp. Then (again as in the
proof of the Abelian Lower Bound)

la? — o(a)9], < c(v)max(1, |a|,)? max(1, |o(a)],)?

with ¢(v) as in the case I.

Assume o(a)9 = a9. Since o(a) # a we have K(a9) C K(«),
which contradicts hypothesis (17). Thus o(a)9 # 9.

Applying the product formula to a9 — o(a)9 # 0, we get

o 1
0 <2gh(cr) + log2 — 4 log q .
Therefore

o) > log (ql/d/2) ‘
2q
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Fourth lecture:

@ Sketch of the proof of the Absolute Abelian Lower Bound
(second part)

@ Application: exponent of the class group of CM fields
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A conditional lower bound

Let K be a number field. Let o € Q" \p and assume K(a)/K be
abelian of Galois group G.

Proposition

Let P be a prime ideal of Ok of norm q over Q. Assume further
K(a) =K(a9) . (17)

Then,

Aot log (g%/9/2)

ha) > =25 (18)

We want to show that a slightly weaker version of (18) still holds
without assuming (17). The proof of the main theorem will follow.
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Radicals reduction. |. Box Principle

We need the following elementary lemma:

Lemma (Box Principle)

Let B, k be integers with B > 5. Then, for every subgroup H of
(Z/KZ)* of index < B, there are integers hy, hy such that hy,
Fg € H and

2 < hi— hy <30BlogB.

Proof. Write k = ki/{* - - [2* where ky is divisible only by primes
< B5 and where /; are distinct primes > B%. We identify (Z/kZ)*
with (Z/kZ)*(Z/ ' Z)* - - (Z]1Z)*. Put Hy = H N (Z/kZ)* so
that [(Z/kiZ)* : Hi] < B.
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|. Box Principle

By a result of Rosser and Schoenfeld's (1962), for any x > 1 we
have [, (1 —1/1) > ¢ (1 — (log x)~2) where « is Euler's

log x
constant and / runs through prime numbers. Since B > 5,
k I1 (1 1>1 < 10log B (%)
= B g )
ok)  Zg /

By the box principle, there exist integers x; < xo» < x3 < x4 such
that x; mod k; € H; and

kq < 3Bk
U]~ o(k)

Then x mod k1, x + t mod k; € H; and 2 < t < 308 log B.

< 30BlogB .

Xg —x1 <
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|. Box Principle

Fix | =/l and a=a; for i € {1,...,s}. Put Hy = HN(Z/I°Z)*.
Again, b= [(Z/IPZ)* : H|] < B. Let r: (Z/IPZ)* — F} be the
reduction mod /. Since [(Z/I°Z)* : ker(r)] =1—1> B, we have
ker(r) C H;. Thus [F} : r(H;)] = b and r(H) = {u’|u € F}}.

The projective curve C : X? — Yb = tZP over T is nonsingular,
because 0 < t < /, and its genus is g = (b — 1)(b—2)/2 < B2.
By a theorem of Weil's, C has > | + 1 — 2g+/I points. At least
I 4+ 1 —2g+/1 — 3b of them have XYZ # 0. Since / > B® and
B > 5, this lower bound is > 0. Hence there Jx; € Z such that
xymod [ € r(H) and x; + t mod / € r(H;). Since ker(r) C H, this
implies x; mod /? € H; and x; + t mod /? € H,.

It is now enough to pick with the Chinese Theorem an h;

congruent to x modulo k; and to x; modulo /2, for each [ dividing
ko, and to put hy = hy + t. n
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[l. Kummer's theory

LetT={pe G : pla)/acpu}l<G.

Lemma (Kummer)

Let k € N such that any root of unity of the shape p(«)/a for
p €T has order dividing k. Let o0 € Gal(K((x)/K) and let g € Z
such that o = (£. Then, for any extension & € Gal(K(«, (x)/K)
of o, we have

Fa/af € K(a)" .

Proof. Let pc . Then pa = (/o for some u € Z. Put
o/ = &a € K(a). Then, since K(a, (x)/K is abelian,

pol [ol = praf5a = 5(paja) = oCf = (¥ = (pa/a)f .

Thus o/ /a# is fixed by p for all p € T, and therefore it lies in
K(a)'. 0
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An unconditional lower bound

Using the previous lemmas we prove a weaker but unconditional
version of (18).

o log (ql/d/2)
M) 2 154 d10a3d)q

Proof. We choose k € N such that any root of unity of the
shape p(a)/a for p € T has order dividing k. We identify
Gal(K(¢k)/K) to a subgroup of (Z/kZ)* of index < d. Choosing
B = 3d > 6 in the Box Principle Lemma we see that Jo,

02 € Gal(K(¢k)/K) such that oj¢x = (§' and g = g» — g1 satisfies

2 < g <90dlog(3d) . (19)
By Kummer's Lemma we have
Fa(a) = caf51(a) (20)

with ¢ € K(a)'. We want to apply (18) to with a + c.
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An unconditional lower bound

To do that we need that ¢ ¢ p and that K(c¢) = K(c9). Let us
verify these requirements. We argue by contradiction.

eccpu. Then, by (20),

~

gh(a) = h(af) = h(&2(a)/51()) < 2h(a) .

Since g > 2 by (19) we get a € p. Contradiction.

o K(c%) € K(c). Let 7 € Gal(K(c)/K(c?))\{Id}. Then 30
€ pu\{1} such that 7(c) = fc. Let 7 € Gal(K(«)/K) extending T
and set n = 7(«)/a. Apply (20) and its conjugate by 7, taking
into account that we are working in an abelian extension of K. We
obtain (1) = Ong&1(n). Hence gh(n) < 2h(n) which implies
h(n) = 0 by (19). Thus 77 € p. But then ¥ € I'. Thus 7 fixes
c € K(a)" and 6 = 1. Contradiction.
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An unconditional lower bound

Applying (18) with o < ¢ we get h(c) > Iog(qlA/d/2)/(2q). By
(19) and (20), h(c) < (g + 2)h(a) < 92d log(3d)h(c). Thus

log (¢*/9/2)
M) 2 154 d10a3d)q (21)

O
Now it is easy to prove the Absolute Abelian Lower Bound. Let
p be a prime number such that 3¢ < p < 2-39 and let P C Ok be
aprime over p. Then39 <p<g<p?< 39%+d Thys, by (21),

5 log(3/2) —d?—2d—5
h > >3 ,
() > Tead0a(3d) - 3779 =

since log(3/2) > 1/3 and 184d log(3d) < 39+4.
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Open Problems

QO Let K be a number field of degree d over Q and let L/K be
an abelian extension. Let o € L*\ . What is the right lower
bound for h(a) in term of d?

@ Prove a Relative Absolute Lower Bound:

Let K be a number field of degree d over Q and let L/K be an
abelian extension. Let o« € Q \p of degree D over L. Then
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Class number problem for CM fields

A CM field K is a totally imaginary quadratic extension of a
totally real field K+.

Class number problem for CM fields (Stark):
hg — oo as disc(K) — 400 .

Solved by Stark (1974) (effective versions of the Brauer-Siegel
theorem) and Odlyzko (1975) (lower bound for the discriminant),
under one of the following assumptions :

@ GRH or Artin’s conjecture on L-functions

e KT /Q Galois, or, more generally:
Q=k ChkyC---Ch=KF

with k,'/k,'_l Galois.
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Exponent of the class group of CM fields

Let K be a CM field of degree Dx = [K : Q]. Let ex be the
exponent of its ideal class group. Louboutin and Okazaki (2003)
ask if

ek — oo as disc(K) — 400 .
In this direction, they prove:

Theorem (Louboutin-Okazaki, 2003)
Assume GRH. Then,

S log |disc(K)|
K > Dx log log |disc(K)| -

where the constant involved in >p, depends on the degree

Dk = [K: Q] only.

Francesco AMOROSO - LMNO Points of small height.



Exponent of the class group of CM fields

Theorem (A.-Dvornicich, 2003)

Let K be a CM field of degree Dx = [K : Q]. Then, assuming the
Generalized Riemann Hypothesis for the Dedekind zeta function of
K, for any € > 0 the exponent ex of the class group of K satisfies:

og |disc(K) . .
Dk log log |disc(K)|” ¥ '

eK > max{

It is easily seen that the R.H.S. is > (log |disc(K)|)*~%)/2. Thus
the theorem gives a (conditional) positive answer to Louboutin-
Okazaki's conjecture.
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The Height Method

The proof of this result is a special case of a general
construction which we summarize as follows:

[) Assume the ideal class group of K “small”. Construct
algebraic numbers of small Weil's height from prime ideals of
small norm.

[I) Construct prime ideals of small norm by analytic methods.

[II) Use lower bounds for the height to get a contradiction.

This method provides also informations on the size of the class
group and on its Galois structure. It applies to more general fields,
for instance field generated by a Salem number i.e. an algebraic
number # > 1 whose algebraic conjugates # 6,6~! lie on the unit
circle.
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The Main Principle

Proposition (Main Principle)

Let K be a CM field of degree Dx = [K : Q] and exponent of the
class group ex. Let P be an integral prime ideal of degree 1. Then
Ja € K* such that

Q h(a)= b log Ni P (thus o & ).
@ K=Q(a).
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The Main Principle

Proof. Let P*¢ = () and o =7%/7. Since P is of degree 1 we
have P # P and moreover K = Q(«) (easy lemma).

Since K is a CM field, |a|, =1 for v | co. If v { o0,

. (NK/QP)E‘K, if v=P;
i = 3 (N o P) e, if v =P

1, otherwise.

Thus

Dxh(e) = > [K,: Q.]log™ |a], = ex log Ni/gP -
vEMg
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Effective Prime Ideal Theorem

Let K be any number field. A theorem of Lagarias-Odlyzko
(1977) implies:

Theorem (Effective Prime Ideal Theorem)

Let n be a positive integer. If the Generalized Riemann Hypothesis
holds for the Dedekind zeta function of K, then there exists
distinct integral prime ideals P1, ..., P, of degree 1, non-ramified
over Q, and such that

log | Nig jg Pj| < log log |disc(K)| + log n .

This result is the (fundamental) contribution from Analytic
Number Theory to the Height Method.
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Height and Discriminant

Proposition (Discriminant Lower Bound for the height)
Let o € K such that K = Q(«). Then

A log |disc(K)| — Dk log Dx

h(a) >

2Dk (Dx — 1)

Proof. It is a very special case of a result of Silverman (1984),
already quoted on the lecture of Martin Widmer.
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Louboutin-Okazaki revisited

By the Main Principle and by the Effective Prime ldeal Theorem,
we find o € K* s.t. K =Q(a) and h(a) < 5 log log [disc(K)|.
The Discriminant Lower Bound for the height gives
- log |disc(K)| — Dk log Dx

2Dx(Dx —1)

Thus

Proposition (Discriminant Lower Bound for the exponent)
In a CM field

S log |disc(K)| — Dk log Dk
Dk log log |disc(K)|

This implies Louboutin-Okazaki's result

log |disc(K)|
P Jog log |disc(K)|

ex >
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More than Lehmer

The Discriminant Lower Bound for the exponent is efficient only
if log |disc(K)]| is large, say > 2Dk log Dx. For “small”
discriminants we need other bounds. But even Lehmer's conjecture
is not enough! Indeed, the use of Lehmer’s conjectural bound

~

h(a) > 1/Dxk in the formula
h(a) < s log log |disc(K)]
Dk

gives only
1

> log log |disc(K)|

€K

which tends to zero !
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Exponent of imaginary abelian extensions

Assume for the moment K/Q abelian.

By the Main Principe and by the Effective Prime ldeal Theorem,
we find a non-root of unity & € K* such that K = Q(«) and

h(a) < % log log |disc(K)| .

By the Abelian Lower Bound:

A log 5
A e
(@) = =5
We obtain
Dy

o > log log |disc(K)|
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Exponent of imaginary abelian extensions

Collecting together this last lower bound and the Discriminant
Lower Bound for the exponent, we get

log |disc(K)| — Dk log Dk Dy
Dk log log |disc(K)| ' log log |disc(K)|

ey > max{

S max{ log |disc(K))| Dy } '

Dx log log |disc(K)| log log Dk

(To verify the last inequality, treat separately the cases
log |disc(K)| < D? and log |disc(K)| > D?).
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Non-abelian CM fields

Main problem. There are examples of CM fields and of not-root
of unities a € K* such that h(a) < 1/Dg. Helpfully we can still
obtain a good lower bound for the exponent, modifying the
method as follow:

@ The Effective Prime Ideal Theorem gives distinct integral
primes ideals Py, ..., P, such that P; # ﬁj for i # j and

log Ni /o P; < log log |disc(K)| + log n .

@ Let P = (v;) and a; = 7;/7;. Then, by the Main Principle,

~

h(aj) < %(Ioglog |disc(K)| + log n) .

Moreover ag, ..., an, are multiplicatively independent.
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Height of multiplicatively independent algebraic numbers

Theorem (A. - David, 1999)

Let K be a field of degree Dx = [K : Q]. Let a1, ...,a, € K*
multiplicatively independent. Then

h(an) -+~ h(cn) > D (c(n) log(3Dx)) "

In the original paper, c(n) was not computed and k(n) ~ n".
Recently (A.-Viada, Commentarii Math. Helv. 2012 (7)), the proof
was radically simplified and the constants c(n), k(n) improved:

c(n) = 1050n° k(n) = n?(n+1)>%.

We only need a weaker version of this theorem. Let K and
ai,...,a, be as before. Then, for any € > 0

max{h(a1), ..., h(ay)} > C(”;cf)DHgl/"fg ‘
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Non-abelian CM fields

Using this theorem, we obtain:

c'(n, 5)0111(_1/”_5

~ loglog |disc(K)| + log n

for any € > 0.

Collecting together this last lower bound and the Discriminant
Lower Bound for the exponent, we get

e > max {08 |disc(K)| — D log Dx ~ ¢/(n,e)Dy /"
K Dy log log [disc(K)|  log log [disc(K)| + log n
log |disc(K)| -
€ ’ D <
> max { D log log |disc(K)|" %

This conclude the proof of the lower bound for the exponent of the
class group of a CM field. For more on the Height Method, see
www /math.unicaen.fr/~amoroso/exponent
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